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Abstract
Consistent with cosmological constraints, there are scenarios with the large
lepton asymmetry which can lead to the finite baryochemical potential at
the cosmic QCD phase transition scale. In this paper, we investigate this
possibility in the holographic models. Using the holographic renormaliza-
tion method, we find the first order Hawking-Page phase transition, between
Reissner-Nordstro¨m AdS black hole and thermal charged AdS space, corre-
sponding to the de/confinement phase transition. We obtain the gravitational
wave spectra generated during the evolution of bubbles for a range of the bub-
ble wall velocity and examine the reliability of the scenarios and consequent
calculations by gravitational wave experiments.
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1 Introduction
Cosmological Phase Transitions (PTs) in the early universe have played significant
roles in the universe that we can see at the present time. The last PT at which quarks
and gluons are confined is the phase transition of Quantum Chromodynamics (QCD)
which occurred around 10−5 secs after the big bang. The theory of QCD describes
strong nuclear interactions. Despite other theories in the standard model of particle
physics, QCD is strongly-coupled at low energy and cannot be described by pertur-
bative methods, though at high energy it is an asymptotic freedom theory. For light
quarks, the QCD Lagrangian has an approximate symmetry called chiral symmetry,
which is spontaneously broken, in the QCD vacuum. Chiral condensate as the order
parameter of this PT becomes non-zero in the broken phase, and pseudo-Goldstone
pions and conservation of the baryon number are remainders of this spontaneously
broken symmetry. Furthermore, there is another approximate symmetry, the global
Z(3) center symmetry which is spontaneously broken under the de/confinement PT,
for heavy quarks. For this PT, the expectation value of Polyakov loop is the relevant
order parameter, which can be obtained from the heavy quark potential [1, 2].
If a PT is first order, it gives rise to non-equilibrium events, the nucleation and growth
of bubbles. Two degenerate states with minimum free energy are separated by the
bubbles. The vacuum energy of the system causes bubbles to expand and collide
with each other. The spherical symmetry of the bubbles is broken and parts of the
energy can create Gravitational Waves (GWs) in the spacetime [3]. The process of
the bubble collision can also produce bulk motion which itself is taken into account as
another source for GWs through sound waves [4] and Magnetohydrodynamic (MHD)
turbulence [5] in the plasma. Due to the weakness of gravitational interactions and
least attenuation of GWs, the detection of their signal gives us important information
from early epochs of the universe.
At the energies which the two mentioned aspects of the QCD PT occur, the theory
is strongly-coupled, thus perturbative expansions cannot be applied. Lattice QCD as
a numerical method can help to understand these phenomena. In this approach, it
is shown that for 2+1 intermediate bare quark masses (2 light quarks, up and down,
and 1 heavier quark, strange) with negligible baryochemical potential, PT is not first
order but a crossover [6], whereas for so heavy, static quarks or pure gauge theory,
PT is first order [7]. However, for the finite baryochemical potential, this method
suffers from the sign problem related to the complexity of fermion determinant [8].
Here, we focus on the de/confinement aspect of the PT at the finite baryochemical
potential. The baryochemical potential depends on baryon and lepton asymmetries
and for tiny baryon and lepton asymmetries it would vanish. However, a large lep-
ton asymmetry can be supported in the early universe [9]. This finite baryochemical
potential can be justified in late leptogenesis scenarios [10], which are compatible
with BBN and CMB constraints. The large lepton asymmetry is expected to be in
the neutrino chemical potential [9] and can be proposed in the models with the dark
matter neutrino candidate [11].
In this work, we use AdS/QCD approach to explaining the de/confinement PT. The
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conjecture of gauge/gravity as an extension to AdS/CFT correspondence has been a
useful technique describing a strongly-coupled gauge theory by a gravitational theory
in a higher dimensional spacetime [12]. Deriving universal properties of these theo-
ries, such as the ratio of the shear viscosity of the hot plasma to the entropy density,
is one of the issues handled through these dualities [13]. People also tried to address
QCD PT features within this context. In [14], it is shown that there is a correspon-
dence between the first order Hawking-Page (H-P) PT and the de/confinement PT
for compact boundaries. Also, for non-compact boundaries with the removed small
radius region of AdS space, [15] found the H-P PT.
The study of GWs from the cosmological QCD PT using the gauge/gravity duality
was initiated in [16]. In that paper, we studied the cosmological QCD PT considering
gluodynamics and zero baryochemical potential. We used AdS/QCD models to find
the corresponded H-P PT and calculated the GW spectra radiated during the PT. In
this paper, we are interested in studying holographically the cosmological deconfine-
ment transition with possible finite baryochemical potential. Taking quark degrees of
freedom into account leads to adding an abelian gauge field on the gravity side. (For
the holographic QCD by considering finite chemical potential see [17, 18, 19].) Within
hard and soft wall models [20, 21] we here apply the holographic renormalization [22]
to find the H-P PT, between Reissner-Nordstro¨m AdS black hole (RN AdS BH) and
thermal charged AdS (tc AdS).
For zero baryochemical potential, the temperature at the PT is determined by a spe-
cial horizon radius which is fixed by IR cut-off in the models [15]. However, as we
will see, in the case of finite baryochemical potential, temperature depends on bary-
ochemical potential as well. Therefore, to specify temperature and baryochemical
potential at the transition, we also investigate the string configuration based on the
expectation value of Polyakov loop as the order parameter during the PT. Finally,
We extend our approach in [16] and study the spectrum of the GWs radiated during
the de/confinement PT from these models for three different ranges of the bubble
wall velocity. Detecting the signal of these GWs allows testing our results.
This paper is organized as follows: In the next section we explain properties of dis-
tinct sources for GWs generated from a first order PT. In section three, we study
Hawking-Page phase transition in the AdS/QCD models and find the Gravitational
wave spectrum for three different regimes of the bubble wall velocity. In the last
section, we summarize the results.
2 Gravitational waves of a first order phase tran-
sition
As mentioned before, during a first order cosmological PT occurring in a thermal
bath, bubbles are nucleated and because of the vacuum energy released from the
initial phase, bubbles expand. In the hydrodynamical description of the bubble evo-
lution, the bubble velocity, vb, is an important parameter which affects the GW
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generation of this process. Two modes of the bubble wall velocity are classified, the
bubble front moving with subsonic velocity, deflagration, and supersonic velocity,
detonation. For small bubble wall velocities, the big contribution for the GW energy
density is not expected since the energy almost thermalize the fluid. However, for
relativistic velocities, the imprint of GW sources of PTs can be traced. If the wall
velocity is held at a relativistic velocity, the role of the fluid is very important and the
GW contribution comes from sound waves and MHD turbulence. In the case which
bubbles can run away without a bound, the energy of the runaway bubbles cannot be
ignored and three sources of GWs coexist [23, 24]. In the following, we explain how
to calculate the contribution of each source.
2.1 Bubble collision
After bubble nucleation and expansion, they collide with each other and the fraction
of the latent heat of the system in the thermal bath is converted to GWs. The GW
generated from the bubble collision is simulated by the envelope approximation [25]
so that the anisotropic transverse component of the energy-momentum of uncollided
bubble envelope, resulted from the broken spherical symmetry of a colliding bubble,
is taken into account. 1 Numerical fits give this GW energy density as
h2Ωen(f) = 3.5× 10−5
( 0.11v3b
0.42 + v2b
)(H∗
τ
)2( κα
1 + α
)2(10
g∗
) 1
3
Sen(f), (1)
where the spectral shape of the GW is [27]
Sen(f) =
3.8( f
fen
)2.8
1 + 2.8( f
fen
)3.8
. (2)
The present red-shifted peak frequency is given by
fen = 11.3× 10−9[Hz]
( 0.62
1.8− 0.1vb + v2b
)( τ
H∗
)( T∗
100 MeV
)( g∗
10
) 1
6
. (3)
The spectrum is almost a function of f 3 for small frequencies and f−1 for frequencies
larger than the peak frequency. Also, α is the vacuum energy density to the thermal
energy density ratio,
α =
ǫ∗
π2
30
g∗T 4∗
, ǫ∗ =
(
−∆F (T ) + T d∆F (T )
dT
)∣∣∣∣∣
T=T∗
. (4)
∆F is the free energy difference between two phases and T∗ is the temperature at
which the PT takes place. Also, κ is the fraction of the vacuum energy converted
1For an analytic approach see [26].
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into the kinetic energy of the bubbles and τ−1 is the duration of the PT. Moreover,
the Hubble parameter is given by
H∗ =
√
8π3g∗
90
T 2
∗
mpl
, (5)
where g∗ denotes the number of effective relativistic degrees of freedom, which is al-
most 10 at the QCD PT, and mpl = 1.22× 1022 MeV is the Planck mass.
2.2 Sound waves and MHD turbulence
After bubbles collided, the fraction of the energy is transformed into the plasma
motion, κv. This kinetic energy of the plasma generates MHD turbulence, as a Kol-
mogorov turbulence, which induces GW radiation. Furthermore, as proposed in [4],
the compression waves in the fluid, sound waves, can be another source for GW pro-
duction. The GW contribution from sound waves and MHD turbulence is calculated
in [28] and [29], respectively, as
h2Ωsw(f) = 5.7× 10−6
(H∗
τ
)( κvα
1 + α
)2(10
g∗
) 1
3
vb Ssw(f), (6)
and
h2Ωtu(f) = 7.2× 10−4
(H∗
τ
)( κtuα
1 + α
) 3
2
(10
g∗
) 1
3
vb Stu(f), (7)
where κtu = εκv is the fraction of the latent heat converted to MHD turbulence (ε is
the fraction attributed to the turbulent fluid motion and can be of the order of 0.05
[28]). The spectral shapes of either source are given by [24]
Ssw(f) =
( f
fsw
)3( 7
4 + 3( f
fsw
)2
) 7
2
,
Stu(f) =
( f
ftu
)3
(1 + f
ftu
)
11
3 (1 + 8πf
h∗
)
, (8)
where the red-shifted Hubble frequency and peak frequency of sources are given by
the following relations, respectively,
h∗ = 1.1× 10−8[Hz]
( T∗
100 MeV
)( g∗
10
) 1
6
, (9)
fsw = 1.3× 10−8[Hz]
( 1
vb
)( τ
H∗
)( T∗
100 MeV
)( g∗
10
) 1
6
,
ftu = 1.8× 10−8[Hz]
( 1
vb
)( τ
H∗
)( T∗
100 MeV
)( g∗
10
) 1
6
. (10)
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As seen from Eq. (8), the spectrum pertaining to sound waves and MHD turbulence
is scaled approximately as f 3 with frequencies below the peak frequency for both and
as f−4 and f−2 for larger frequencies, respectively.
Distinct regimes of the bubble wall velocity result in different contributions of the
concerned GW sources [23, 24]. We study and classify the following cases:
• For deflagration bubbles with non-relativistic velocities, sound waves and MHD
turbulence are salient sources of GWs. Therefore, h2Ω(f) = h2Ωsw + h
2Ωtu. In
this case, κv is given by
κv = v
6
5
b
6.9α
1.36− 0.037√α + α, vb ≪ cs (11)
where c2s = 1/3.
• In the limit of bounded relativistic velocities, we utilize Jouguet detonations in
which
κv =
√
α
0.135 +
√
0.98 + α
, vb =
√
2
3
α+ α2 +
√
1
3
1 + α
. (12)
In this case also sound waves and MHD turbulence are two important sources
of GWs.
• For relativistic velocities, we can consider runaway bubbles reaching the speed
of light. In this case, the energy of bubbles cannot be neglected and three
GW sources should be considered, i.e h2Ω(f) = h2Ωen + h
2Ωsw + h
2Ωtu. The
minimum value of α that bubbles can run away is given by [23]
α∞ =
30
24π2
∑
a ca∆m
2
a
g∗T 2∗
, (13)
where ca = 1 (1/2)Na is the number of degrees of freedom for boson (fermion)
species and ∆ma is the mass difference of the particles between two phases. In
these bubbles, α should be greater than α∞, and κ, κv parameters are given by
κ = 1− α∞
α
, κv =
α∞
0.73 + 0.083
√
α∞ + α∞
. (14)
3 AdS/QCD models
Almost 10−5 secs after the big bang, the quark-gluon plasma phase transformed to
the color confined phase. Based on AdS/CFT correspondence, this PT corresponds
to the first order H-P PT. In a medium with finite chemical potential, one can find
an H-P-type PT between RN AdS BH and tc AdS space such that the baryochemical
potential or quark number operator corresponds to the time component of the bulk
gauge field.
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In this section, we apply the hard wall model in which the AdS space is compactified
by cutting the radial region, at z0 corresponded to the IR cut-off in energy. The
Euclidean gravitational action in five dimensions is given by
S =
∫
d5x
√
g
[−1
2k2
(R− 2Λ)− 1
4g2
5
FµνF
µν
]
− 1
k2
∫
d4x
√
g˜
[ 1√
g
∂µ(
√
g nµ)
]
, (15)
where k2 = 8πG5, G5 is the five dimensional Newton constant, R is the Ricci scalar,
Λ = −6/R2 is the cosmological constant, g5 is the five-dimensional gauge coupling,
and Fµν = ∂µAν − ∂νAµ is the U(1) bulk gauge field strength. The second integral
is the surface action of Gibbons-Hawking, resulted from the variation principle [30].
Finally, nµ is the unit vector normal to the hypersurface and g˜ is the boundary metric
determinant. The Einstein-Maxwell equations of motion are obtained from Eq. (15)
as
Rµν − 1
2
gµνR+ gµνΛ = k
2
g2
5
(
FµαF
α
ν −
1
4
gµνFαβF
αβ
)
, µ = 0, 1, ..., 4 (16)
∂µ
(√
ggµνgαβFνβ
)
= 0. (17)
Euclidean metrics of RN AdS BH and tc AdS space as solutions of Eq. (16) in
Poincare´ coordinate are given, respectively, by
ds2 =
R2
z2
(
fb,t(z)dt
2 + d~x2 +
dz2
fb,t(z)
)
, (18)
with
fb(z) = 1− z
4
z4h
+ q2z4(z2 − z2h), (19)
ft(z) = 1 + q
2z6, (20)
where zh and q denote the black hole horizon radius and charge, respectively. As
seen from Eq. (20), there is no black hole in the tc AdS space. However, the naked
singularity at z = 0 can be covered in the model by the wall which can also explain
the confinement. We take only the time component of the bulk gauge field; hence,
the solution for the Maxwell equation of motion is
At = i(µ−Qz2), (21)
where µ is the baryochemical potential and Q is related to the black hole charge by
the following relation
Q2 =
3g2
5
R2
2k2
q2. (22)
Ttc = 1/βtc is the tc AdS temperature and from the near horizon metric, the Hawking
temperature of the black hole is
TRN =
1
πzh
(
1− 1
2
q2z6h
)
. (23)
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From Eq. (16), the Ricci scalar for both spaces is R = k2F 2/(6g2
5
)−20/R2 and due to
the boundary condition at the black hole horizon on the gauge field, A(zh) = 0, Q is
written as Q = µ/z2h. For RN AdS BH, n
µ = (0, 0, 0, 0,−z√fb/R) and g˜ = R8fb/z8.
Therefore, the action density, denoted by IRN , for this space will be
IRN =
1
k2
∫ βRN
0
dt
∫ zh
ǫ
dz
√
g
( 4
R2
+
k2
3g2
5
F 2
)
− 1
k2
∫ βRN
0
dt
√
g˜
1√
g
∂µ
(√
gnµ
)
,
=
−R3βRN
k2
( 3
ǫ4
− 1
z4h
− 2k
2
3g2
5
R2
µ2
z2h
)
. (24)
where ǫ is the UV regulator. As it is realized from Eq. (24), in the ǫ → 0 limit,
the action density is divergent. To eliminate the infinities dual to UV divergencies of
the gauge theory side in these asymptotic AdS spaces, we use the holographic renor-
malization or the counterterm subtraction approach [22] such that an extra surface
integral is added to the gravitational action in order to It = I + Ict becomes finite.
The integrand of Ict is constructed from R, and the induced boundary metric and
curvature. To cancel divergencies in Eq. (24), we employ the following counterterm
action density:
IRNct =
1
k2
∫ βRN
0
dt
√
g˜
3
R
=
3R3βRN
k2
( 1
ǫ4
− 1
2z4h
− k
2
3g2
5
R2
µ2
z2h
)
. (25)
Finally, the finite total action density is
IRNt = I
RN + IRNct =
−R3βRN
k2
( 1
2z4h
+
k2
3g2
5
R2
µ2
z2h
)
. (26)
Thus, from Eq. (26) one can derive physical quantities, including the free energy
density of the system, FRN ≃ TRNIRNt . To find the PT parameters pertaining to the
GW spectrum, we should proceed this approach for tc AdS space as well. To do so,
we first fix nµ = (0, 0, 0, 0,−z√ft/R) and g˜ = R8ft/z8 for the tc AdS space, and also
determine the Dirichlet boundary condition for the gauge field as A(z0) = −iµ/2 due
to which Q˜ = 3µ/(2z2
0
). Then, the action density of the space is obtained from
I tc =
1
k2
∫ βtc
0
dt
∫ z0
ǫ′
dz
√
g
( 4
R2
+
k2
3g2
5
F 2
)
− 1
k2
∫ βtc
0
dt
√
g˜
1√
g
∂µ
(√
gnµ
)
,
=
−R3βtc
k2
( 3
ǫ′4
+
1
z4
0
+
3k2
2g2
5
R2
µ2
z2
0
)
. (27)
By the counterterm action density similar to the one attained in Eq. (25), we remove
infinities and obtain the total action density
I tcct =
1
k2
∫ βtc
0
dt
√
g˜
3
R
=
3R3βtc
k2
1
ǫ′4
, (28)
I tct = I
tc + I tcct =
−R3βtc
k2
( 1
z4
0
+
3k2
2g2
5
R2
µ2
z2
0
)
. (29)
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Setting βRN = βtc and ǫ = ǫ
′, we can attain ∆I and also ∆F as
∆F ≃ R
3
k2
( 1
z4
0
− 1
2z4h
+
3k2
2g2
5
R2
µ2
z2
0
− k
2
3g2
5
R2
µ2
z2h
)
. (30)
One may also rewrite the equation in terms of these relations: R3/k2 = N2c /4π
2
and g2
5
= 4π2R/(NcNf) [31], where Nc and Nf are the number of colors and flavors,
respectively. The H-P PT, occurring at ∆F = 0, can be found for zh ≤ z0, where
z0 = 1/(323 MeV) is obtained from the lightest ρ meson mass [20]. In AdS/QCD
models, vector mesons are described by bulk vector field fluctuations, vµ, in the tc
AdS background in the gauge where vz = 0. These fields satisfy the following equation
of motion [18, 19]
∂z(
ft
z
e−φ∂zvµ) +
m2ve
−φ
zft
vµ = 0, (31)
where mv is the vector meson mass and φ = 0 is the case considered in the hard
wall model. The µ = 0 corresponds to q = 0, and Eq. (31) in this case is solvable
and its solutions are Bessel functions. Then, from the lightest ρ meson mass, z0 is
determined. When µ is finite, the meson spectra should be numerically studied. As
[18] shows one can obtain that the ρmeson mass decreases, as baryochemical potential
increases. One should notice that for φ = cz2, the case which will be studied in the
next part, the equation for µ = 0 is exactly solvable but the solutions are Laguerre
polynomials.
From Eq. (30), one can find a relation between baryochemical potential and the
horizon radius and through this relation the PT temperature can be expressed in
terms of baryochemical potential. However, in order to determine the baryochemical
potential and temperature at the PT, we study the order parameter of the center
symmetry of the gauge group. The relevant order parameter is the expectation value
of Polyakov loop which is given by
〈P〉 = e−V (T )T , (32)
where V (T ) = V (r =∞, T ) is the heavy quark and antiquark potential and r denotes
their distance. In the duality context this quantity is calculated by the string world-
sheet action (Nambu-Goto action), 〈P〉 ∼ exp(−Son−shellNG ).
Two end points of the open string on the boundary of the bulk background at z = 0 are
considered as quark-antiquark pairs. In the confined phase, these pairs form meson
states and open strings are always U-shape configuration reaching a maximum at
z = z∗, behind the wall. In RN AdS BH or the deconfined phase when the maximum
depth of the string reaches the horizon, the string configuration becomes two straight
strings corresponding to free heavy quark and antiquark.
The Nambu-Goto action describing an open string world-sheet is given by
SNG =
1
2πα′
∫
d2ξ
√
detgab, (33)
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where gab = gµν∂aX
µ∂bX
ν is the induced metric on the two-dimensional world-
sheet and gµν is the five-dimensional background metric. The coordinates (ξ
0, ξ1)
parametrize gab where (a, b) run over those two dimensions. We choose the static
gauge: ξ0 = t, ξ0 = x and z = z(x). Therefore, Eq. (33) will be
SNG =
βR2
2πα′
∫ r
2
−
r
2
dx
√
f(z) + z′2
z2
, (34)
where β is the inverse of temperature and depending on the background, f(z) stands
for Eq. (19) or Eq. (20). The quark and antiquark are located at (z = 0, x = ∓r/2)
and the string configuration satisfies the boundary conditions: z(x = 0) = z∗, z(x =
∓r/2) = 0 and z′ = dz/dx|x=0 = 0. From the following relation, one can obtain the
Hamiltonian of the string as a conserved quantity
H = z′ ∂L
∂z′
− L = −β
2πα′
R2
z2
f(z)√
f(z) + z′2
. (35)
By using Eq. (35) at z = z∗, H = −βR2
√
f(z∗)/(2πα
′z2
∗
), we find the distance
between the quark-antiquark pair
r =
∫ r
2
−
r
2
dx = 2
∫ r
2
0
dz
1
z′
= 2
∫ z∗
0
dz
√
f(z∗)√
f(z)
z2√
f(z)z4
∗
− f(z∗)z4
. (36)
Moreover, one can calculate the quark-antiquark potential as
V =
R2
πα′
(∫ z∗
0
dz
√
f(z)
z2
√
f(z)− z4
z4
∗
f(z∗)
−
∫ zm
0
dz
1
z2
)
(37)
where the second integral is added to renormalize the potential and remove diver-
gences at z = 0. The second term considered as a straight open string is attained
under the condition that ξ0 = t, ξ1 = z and x = const. Furthermore, zm denotes
zh or z0 in RN AdS BH or tcAdS background, respectively. In Fig. 1, we plotted
the distance and potential function of the heavy quark-antiquark pair in terms of z∗
in the confined and deconfined phase. In the following we explain the results and
analyze the different behavior of the string configuration based on these quantities to
realize when the transition occurs.
In the deconfined phase, the string reaches the horizon which corresponds to free
quark-antiquark. During the PT or hadronization, the wall which explains the con-
finement appears and the string configuration changes. For µ = 0, the maximum
depth of the string can go beyond the wall. Thus, we can consider that the PT oc-
curs when the string reaches the wall. Then, one can find the transition temperature
through the wall, z0. In the case with finite baryochemical potential, the transition
temperature depends on the horizon radius and baryochemical potential, Eq. (23).
From Eq. (30) horizon radius is related to baryochemical potential. Thus, the tem-
perature is determined by µ. Taking µ to be fixed during the PT, we need to find
9
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Figure 1: We plot the quark-antiquark distance (the left plot) and potential in terms
of the maximum depth of the string in the confined and deconfined phase. The
blue curves which go to infinity show these quantities in the confined phase. The
baryochemical potential at which the quantities tend to infinity at z∗ reaching the
wall is 500 MeV.
the baryochemical potential at which the potential goes to infinity at z∗ reaching the
wall. Our numerical calculations, with Nf = 2 and Nc = 3, show that this takes place
for baryochemical potential around 500 MeV.
This finite order of magnitude of baryochemical potential can be justified by some
leptogenesis scenarios. As [9] shows with large lepton asymmetry, l ≃ 0.02, these
finite baryochemical potentials are feasible although its calculations also does not in-
clude interaction effects.
As we see from Fig. 1, in the confined phase r can go to infinity (blue line), while
it reaches a maximum at some z∗ in the deconfined phase (red line). Also, the po-
tential can go to infinity as r tends to infinity in the confined phase and this implies
that the order parameter is vanishing. On the other hand, in the deconfined phase,
the potential has a maximum and the order parameter is finite. In this case, when
z∗ reaches the horizon the potential becomes zero. This may be interpreted as the
dissociation point at which the U-shape string configuration is transformed into two
straight string corresponded to two free heavy quark and antiquark [32].
Considering the baryochemical potential of the order of µ = 500 MeV, one ob-
tains from Eqs. (30) and (23) the transition temperature of the de/confinement PT,
T∗ = 112 MeV, which is lower than the one attained in the zero chemical potential
case [16]. Assuming the transition temperature is equivalent to the bubble nucleation
temperature, we finally can calculate analytically the latent heat, ǫ∗, and α at the
transition in the presence of the baryochemical potential
α =
81N5c
2(3Nc − µ2Nfz2h)3
. (38)
From this relation, one can figure out the PT becomes stronger in comparison with
the zero chemical potential case [16] and realize the effect of baryochemical potential
as the source of quark number. Also, we may study how α changes if one considers
different numbers of flavors in the model. It is found that at fixed Nc, the baryochem-
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ical potential at the transition and α decrease as the number of flavors increases.
Moreover, in the runaway case for α∞, the main contribution comes from the particles
that become heavy during the PT. As a result, for this PT, ∆m can be interpreted
as the quark mass difference between the constituent (effective) quark mass [33] and
the quark mass in the deconfined phase, ∆m ≈ 400 MeV. Thus, with Na = 6 for
quark particles, Nc = 3, and Nf = 2 for two heavy quarks relevant at the transi-
tion temperature, we obtain α > α∞ which is the condition satisfied for the runaway
walls [23, 34] and if we assume there exist no hydrodynamic obstacles and the wall
thickness is smaller than the mean free-path of the particles, these bubbles run away.
However, considering other assumptions and possible bubble wall velocities, this be-
havior will change. Hence, for Jouguet detonations and non-relativistic velocities, we
expect that α decreases such that α . α∞. For these cases we take α around α∞
which is obtained in the model.
As we argued in [16], one can assume τ = 10H∗ related to the duration of the PT.
Finally, putting the relevant parameters in Eqs. (1), (6), and (7), we can identify the
GW spectrum produced during the PT.
In Fig. 2, we indicate the GW generated for distinct regimes of the wall velocity. For
deflagrations with vb = 0.1, the detectors will not be able to capture the signal, while
in the case of Jouguet detonations, which here reach vb = 0.96, and runaway bubbles
we can expect to track down their signals in the near future.
IPTA
SKA
10-10 10-9 10-8 10-7 10-6 10-5 10-4
10-18
10-17
10-16
10-15
10-14
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
10-5
10-4
f @HzD
h2
W
Hf
L
Figure 2: We display the GWs of the de/confinement PT detectable by IPTA and
SKA detectors. The black curve, the top line, is the GW spectrum in the case of
runaway bubbles, the blue curve denotes the GW for Jouguet detonations, and the
red one, the bottom line, belongs to deflagrations with non-relativistic velocities. The
sensitivity region of detectors is based on 20 pulsars with 10−7 secs timing precision in
15-year observation time for IPTA, and 100 pulsars with 3×10−8 secs timing precision
in 20-year observation time for SKA [35].
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3.1 The soft wall model
In this part, we try to find the required quantities within the soft wall model in which
the truncation of the space is smoothly carried out by a non-dynamical dilaton field.
Therefore, We consider the same solutions, mentioned in Eq. (18), for the equation
of motion derived from the following action. However, since imposing the IR cut-off
is differently performed in the models, the results vary. The gravitational action is
given by
S =
∫
d5x
√
g e−φ
[−1
2k2
(R− 2Λ)− 1
4g2
5
FµνF
µν
]
− 1
k2
∫
d4x
√
g˜ e−φ
[ 1√
g
∂µ(
√
g nµ)
]
.
(39)
where the dilaton field is φ = cz2. The boundary condition of the gauge field at the
horizon, nµ and g˜ are equal to the previous model for the RN AdS BH space. Hence,
the action density is obtained as follows
IRN =
R3
k2
∫ βRN
0
dt
∫ zh
ǫ
dz e−φ
( 4
z5
− 4k
2
3g2
5
R2
µ2z
z4h
)
− 1
k2
∫ βRN
0
dt
√
g˜ e−φ
1√
g
∂µ
(√
gnµ
)
=
−R3βRN
k2
[ 3
ǫ4
− 2c
ǫ2
+ c2 ln(−cǫ2) + c2(1
2
+ γ)− e
−cz2
h
z4h
(cz2h − 1)− c2Ei(−cz2h)
− 2k
2
3g2
5
R2
µ2
z4h
(e−cz2h
c
− 1
c
+ 2z2h
)
− 2
z4h
]
. (40)
where Ei(x) ≡ − ∫∞
−x
dt e−t/t and γ ∼ 0.5772 is Euler’s constant. The result has diver-
gencies and we should supplement a counterterm action to be finite. The counterterm
action density is
IRNct =
1
k2R
∫ βRN
0
dt
√
g˜ e−φ
(
3 + φ+ φ2 ln(−φ)
)
=
R3βRN
k2
( 3
ǫ4
− 3
2z4h
− k
2
g2
5
R2
µ2
z2h
− 2c
ǫ2
+ c2 ln(−cǫ2) + c
2
2
)
. (41)
and the finite total action density will be
IRNt =
R3βRN
k2
[
−c2γ+ e
−cz2
h
z4h
(cz2h−1)+c2Ei(−cz2h)+
2k2
3g2
5
R2
µ2
z4h
(e−cz2h
c
− 1
c
+
z2h
2
)
+
1
2z4h
]
.
(42)
By the same procedure, we can also calculate the obtained quantities for the tc
AdS space. Note for this space the boundary condition for the gauge field leads to
Q˜ = 3cµ/2, while nµ and g˜ are the same as the hard wall model.
I tc =
R3
k2
∫ βtc
0
dt
∫
∞
ǫ′
dz e−φ
( 4
z5
− 3k
2c2µ2z
g2
5
R2
)
− 1
k2
∫ βtc
0
dt
√
g˜ e−φ
1√
g
∂µ
(√
gnµ
)
=
−R3βtc
k2
( 3
ǫ′4
− 2c
ǫ′2
+ c2 ln (−cǫ′2) + c2(1
2
+ γ) +
2k2µ2c
3g2
5
R2
)
(43)
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The counterterm action density and I tct are obtained as
I tcct =
1
k2R
∫ βtc
0
dt
√
g˜ e−φ
(
3 + φ+ φ2 ln(−φ)
)
=
R3βtc
k2
( 3
ǫ′4
− 2c
ǫ′2
+ c2 ln (−cǫ′2) + c
2
2
)
I tct =
R3βtc
k2
(
− c2γ − 3k
2cµ2
2g2
5
R2
)
(44)
Again by setting βRN = βtc and ǫ = ǫ
′, we can read off ∆F
∆F ≃ R
3
k2
[e−cz2h
z4h
(cz2h−1)+ c2Ei(−cz2h)+
2k2
3g2
5
R2
µ2
z4h
(e−cz2h
c
− 1
c
+
z2h
2
)
+
1
2z4h
+
3k2cµ2
2g2
5
R2
]
.
(45)
The H-P PT is realized from ∆F = 0, and from this equation zh is related to µ.
As mentioned in the previous section, the meson mass can be attained from Eq. (31).
Here, φ = cz2 and for µ = 0 solutions are Laguerre polynomials. From the lightest ρ
meson mass,
√
c = 388 MeV [21]. In the case of finite baryochemical potential, one
can show from the numerical calculation meson mass increases when µ is increased
[19].
Moreover, similar to the previous model arguments, to find the temperature and
baryochemical potential at the PT, we study the behavior of the order parameter
during the PT. Note that in the soft wall model in order to figure out the heavy
quark-antiquark potential, we should apply the positive warp factor for the model.
This means the Nambu-Goto action is given by
SNG =
1
2πα′
∫
d2ξ ecz
2
√
detgab. (46)
By following the same procedure and discussion mentioned for the hard wall model,
we find the baryochemical potential at the transition is around 100 MeV. From√
c = 388 MeV and µ = 100 MeV, the transition temperature becomes T∗ = 192 MeV.
Also, from Eq. (45) we can numerically compute the latent heat and α. (Here, also the
phase transition would be stronger than the zero chemical potential case.) Different
IR cut-off in the models gives rise to different values for the parameters, including
the latent heat, due to which distinct GW spectra are attained.
We can also calculate α∞ and for Jouguet detonation and non-relativistic velocity
cases we expect α reach around this α∞. As seen from Fig. 3, for τ = 10H∗, the PT
GWs detectable by IPTA and SKA are in Jouguet detonation, reaching vb = 0.92,
and runaway regimes whose peak freaquencies are around 10−7 Hz.
4 Summary
We studied the cosmic de/confinement PT in a dense matter medium through hard
and soft wall models of AdS/QCD. Finite baryochemical potential at the cosmic QCD
PT scale can be allowed in the leptogenesis scenarios with the large lepton asymme-
try.
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Figure 3: The GW spectrum calculated from the soft wall model is displayed by the
same conditions mentioned in Fig. 2.
While with the finite baryochemical potential lattice QCD would confront the sign
problem, we here used AdS/QCD and considered RN AdS BH dual to the deconfine-
ment phase and tc AdS space dual to the hadronic phase in the gauge theory side. We
employed the holographic renormalization method to obtain the free energy density
of each phase, within the hard and soft wall models, such that the divergencies are
removed by appropriate counterterms and one can gain other thermodynamical quan-
tities of the phases from these energy densities. We found the H-P PT, corresponding
to the de/confinement PT. To determine the temperature and baryochemical po-
tential at the transition and to realize when the PT takes place, we also studied the
expectation value of Polyakov loop as the order parameter. By combining these struc-
tures, we found a better picture of the PT to obtain required quantities during the
PT. Moreover, the transition temperature and latent heat at the PT were calculated
analytically and numerically for the hard and soft wall models. In comparison with
the zero chemical potential case, it is found that the PT is stronger.
We studied GW spectra in three different regimes of the bubble wall velocity and
examine the reliability of consequent calculations by gravitational wave experiments.
We described the contribution of the GW sources during the PT, bubble collisions,
sound waves, and MHD turbulence and determined GW spectra in the models for
possible bubble wall velocities. We obtained α > α∞ which is the criterion for the
runaway bubbles and if we assumed there are no hydrodynamic obstructions, bubbles
could accelerate without a bound. Thus, considering other assumptions, we attained
the GW for a terminal relativistic wall velocity by taking Jouguet detonations and
for deflagrations with a non-relativistic velocity. To provide an ability to prove or
rule out the suggested scenarios, it was indicated that IPTA and SKA detectors, us-
ing pulsar arrays, will be able to detect the signal of the GWs in the case of Jouguet
detonation and runaway modes, whereas for the case of deflagration the signal cannot
be captured.
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